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ON SUMS AND PERMUTATIONS 


JAKUB KONIECZNY 


Abstract. We study the number of distinct sums ai i where the 

sequence a\,U 2 , ■ ■ ■,a n is a permutation of 1,2,... ,n, and u < v vary 
from 1 to n. In particular, we show that generically there are at least an 2 
such sums, for a absolute constant c. This answers an old question of 
Erdos and Harzheim. We also obtain non-trivial bounds on the maximal 
possible number of distinct sums, where n is fixed and a is allowed to 
vary. 


1. Introduction 

For a sequence a = (a ? ;)” =1 with a* € Z, let S(a ) denote the set of all 
distinct sums YH= U w dh 1 < u < v < n. We shall mostly be interested 
in the size of S(a), where ai is a permutation of the set [n] := {1, 2,... ,n}. 
A trivial upper bound | S' (a,) | < ( n ^ 1 ) follows from counting the number of 
choices of u and v (or, incidentally, from computing maxS'(a)). 

The special case when = i for all i was considered by Erdos and 
Harzheim j6]j. It can be shown that for such a one has |£(a)| = o(n 2 ). 
Because of the elementary formula 

(v — u — l)(u + u) 

2 ’ 

i=u 

we have S(a) C [n] • [2re] C [2 n\ ■ [2n], where we use the notation A ■ B = 
{ab : a € A, b G B}. Hence, obtaining good bounds on | S(a)\ is essen¬ 
tially equivalent to obtaining good bounds on | [n] • [n]|. The latter question, 
known as the multiplication table problem, has been extensively studied. 

The first proof that |[n] • [n]| = o(re 2 ) is due to Erdos [4], with further 
improvements by the same author [5]. The exact asymptotics were only 
recently obtained by Ford [7j, who shows that: 

(1) IN ' Ml = © ^n 2 (logn) -c (loglogn) -3//2 ^ , 

where c = 1 - 

This special case lead Erdos to pose the following question [Sj: 

Question 1. Is it true that for any e there exists ng such that for any 
n> n o and for any permutation a\,... ,a n of [n] we have |5'(a)| < en? 

l 
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The purpose of this note is to show that the answer to this question is an 
emphatic “no”. Without further ado, we give the simplest example we are 
aware of where the conjecture fails. 

Proposition 1.1. For any n one can find a permutation a of In] such that 
15(0)1 > \n 2 . 

Proof. Let a be the permutation 1, n, 2, n — 1,3, n — 2,..., so that for each 
odd i one has a* + aj+i = n + 1. 

Let Si C 5(a) be the set of the sums s = Y^i= u a i with u = v (mod 2). 
If v = u + 21 then s = (n + 1)Z + k, where k = a v if u, v are odd and k = a u 
otherwise. If s has another representation s = Y^l= u ' a * = ( n + 1)^ + k' 
like before, then it follows that V = l, k! = k, hence u. v = u',v' (mod 2) 
and finally u' = u, v' = v. Thus, all l" 1 ^] ■ \ sums in S\ are 

distinct. □ 


The constant -j in the above Proposition 11.11 can be improved slightly, 
using a randomised variant of the construction above. 

Proposition 1.2. For any n there exists a permutation a of [n] such that 
|5(a)| > (ci + o(l))n 2 , where ci = | — = 0.286.... 

In the other direction, we have the following slight improvement over the 
trivial bound 5(a) < (^ + o(l))n 2 . 

Proposition 1.3. For any permutation a of [n], we have 15(a) | < (c 2 + 
o(l))n 2 where C 2 = \ + = 0.446.... 

These bounds are proven in Sections [4] and [5] respectively. It would be 
very surprising if either of these results were optimal. We expect that 
max a S(a) = (c + o(l))n 2 for some constant c with ci < c < C 2 - It may 
be interesting to find the exact value of c. 

While the above examples resolve the original question of Erdos, they do 
not say what happens for a “typical” permutation. Our main result shows 
that the the answer to the Question [T] is still negative “on average” in a 
rather strong sense. 


Proposition 1.4. Let a be a permutation of [n] chosen uniformly at ran¬ 
dom. Then E(|5(a)|) = (c + o(l))n 2 where c = l+f : = 0.283 ... as n —>• oo. 


Moreover, for any 5 > 0 we have 


|g(o)l 


— C 


> S 


0 as n —y oo. 


The proof of this proposition is carried out in Section [2] dealing with the 
expected value of 15(a)|, and Section [3j dealing with the second moment. 

To close this section, we remark that a somewhat similar problem was 
considered by Hegyvari in [8]. Instead of a permutation of [n], |8] deals with 
a sequence (ai)f =] where k < n and a* € [n], and asks for which k it is 
possible that all sums Ya=u a * are distinct. This turns out to be possible 
for k > (^ — o(l))n, which gives an alternative proof of Proposition 1 1.1 1 with 
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a slightly worse constant yg in place of Conversely, our Proposition 11.41 
implies a non-trivial bound k < ^ f + | + o(l)^ n - 

Notation. We use a variety of asymptotic notation. We write X = 0(Y), 
or X <C Y if there exists a constant C > 0 such that |X| < CY. If the 
constant C is allowed to depend on a parameter M, we occasionally write 
X = Om(Y). Likewise, we write X = Ll(Y) if there exists a constant c > 0 
such that X > cY. Throughout the paper, we work in the regime n —>• oo. 
We write X = o(Y) if Y > 0 for n large enough an y —>• 0 as n —>• oo, 
and similarly X = u(Y) if instead y —>• oo. Finally, if X = 0(Y) and 
X = Q(y) we write X ~ Y or X = 0(F). Occasionally, we this notation 
with a different limit in mind, with the obvious modifications. 

In particular, we freely use expressions such as 0(Y), fl(F), o(F), w(F), 
0(F) to denote unspecihed functions with the asymptotic behaviour as just 
described. 

Acknowledgements. The author wishes to thank Ben Green to pointing 
out this problem, and for much advice during the work on it. The author 
is also grateful to Sean Eberhard, Freddie Manners, Przemek Mazur, Rudi 
Mrazovic and Aled Walker for many fruitful discussions. Finally, the author 
thanks Jozsef Solymosi and Norbert Hegyvari for helpful comments. 


2. Expected value of \S(a)\ 

In this section we study the asymptotic behaviour of E |5(a)|. Our main 
goal is to prove the first part of Proposition 11.41 namely the asymptotic 
formula for E |S(a)|. We will reuse much of our work here in the subsequent 
section to compute the second moment E | S(a) \ . 

Throughout the argument, n is a large integer, and a is a permutation 
selected uniformly at random from the set of the permutations of [n]. 

One of our main tools is an inequality due to Hoeffding. We will mostly 
use the slightly less well-known variant of it, pertaining to random variables 
chosen from a finite set without replacement, such as the a*. 


Theorem 2.1 (Hoeffding [9]). Let Xi (i = 1,..., 77i) be independent random 
variables with a < Xi < /3 for some constants a,/3 and p, = XV=i ^ Aj- We 
then have for any t > 0 
k 


( 2 ) 






2—1 


> t < 2 exp — 


2t- 


k(/3 — a) 2 


Moreover, the same inequality (ED is satisfied if instead of independence we 
assume that Xi are drawn without replacement from a finite (multi-)set. 


For any e > 0, let S e (a) denote the set of all the sums s of the form 

E f , gu with en < u < n — — — en. It would be sufficient to work with a 
concrete choice such as e = , but many other choices are equally valid. 
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We first reduce the problem of determining E | S(a) | to the dealing with a 
single (putative) sum in S £ (a). 

Proposition 2.2. Fix a choice of e = e(n) with e = o(l) and e = n~° W as 
n —>• 0. Let s = with e < a < 1 — e. Then 

(3) P(s^5 £ (a)) = e- 2+2ff + 0 (l). 

Here, the error term is uniform with respect to s, but may depend on the 
implicit rates of convergence in the remaining usages of o(l) notation. 

Proof of Proposition \l-4\ assuming 1 2 . B Take, for instance, e(n) := If 

the bound in equation ([3]) holds for each s, then we have: 

E|S e (a)|= P(s € S e (a)) + 0(en 2 ) 

£^-<s<(l-e)^ 

= l- e - 2+2 ")^ + o(n 2 ) 



Hoeffding’s inequality implies that |£(a) \S' e (a)| = o(n 2 ) with probability 
1 — o(l). Indeed, if s = Y^i=u a i *= a ) \ SeC 0 ) then one of the three 
possibilities holds. Either u < en or v > n — 2en or v — u < — — en. The 
first two cases account for 0(en 2 ) elements of S(a) \ S £ (a). For the third 
case, note that by Hoeffding’s inequality and the union bound, we have: 

P I (3u, v) : ^ a; > —(u — u) + en 2 J <C n 2 exp (—2e 2 n) = o(n 2 ). 

V i=u 2 / 

Of course, both sets S(a),S £ (a ) have size 0(n 2 ). Hence, 

(4) E \S(a)\ = (1 + o(l))E | S £ (a) \ = (1 + 0 (l))^^n 2 . □ 


We devote most of the remainder of this section to proving Proposition 

3 

Given an index u, we define the set 

f v 

S u (a) ■= < : u<v < 


n 


Clearly, s E S £ (a) precisely when s E S u (a) for some en <u < (1 — a — e)n 
(where a = ^). 

Let JV be a large even integer. By the inclusion/exclusion formula, we 
have: 

(5) P(s 0 S £ (a)) < (-l)l^lF (/\se S u (a )) , 

\u\<N \ueu J 
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where the sum is taken over all sets U C [n] with min U > en and max U < 
(1 — a — e)n. An analogous formula holds for odd N , except that the in¬ 
equality sign is reversed. Hence, Proposition 12.21 will follow easily once a 
good estimate is found for each of the sums Y1\u\=m ^ (A u &u s ^ S u (a)). 

We next prove a lemma which will allow us to eliminate a proportion of 
terms in such sums. The statement is slightly more general to accommodate 
latter applications to the second moment. We will only need it in the special 
case when Sk take at most two distinct values, but this additional assumption 
does not simplify the argument. 

Lemma 2.3. Fix a choice of £ = e(n) with e = o(l) and £ = n ~°W asn^O. 

2 

Let Ad be an integer, for 1 < k < Ad let Sk = <?k\ with £ < < 1 — £ and 

let ilk E [n] be distinct. Then 

M \ 

A Sk e 5 «k(°)) = ° 
k=\ J 

where the implicit constant depends only on Ad. 

Proof. By Hoeffding’s inequality, there is a constant Cm such that with 
probability 1—0 (— l w ) any interval [u, u] of length Cm log n has XX=u a * — n - 
Let us now select a by selecting a, in the order of decreasing i. For each k, 
the event Sk E S Uk {a ) becomes determined at the time when a Uk is chosen. 
Either there are at most Cm logn choices of a Uk leading Sk € S Uk (a), or there 
is an interval of length Cm logn and sum less than n. Since the number of 
choices of a Uk is at least en in each step, we obtain the sough bound by a 
standard inductive argument. □ 

Our next goal is to obtain bounds on the probabilities in (JSJ) for “generic” 
U. The general strategy at this point is to select a* in several “stages”. For 
each u € U, we shall select with u < i < u+m from a suitably constructed 
set A u of size \A U \ ~ —n, where m is an integer to be specified later. The 
rationale is that (assuming some genericity conditions on A u ) it should be 
relatively easy to understand the distribution of the sum a ii an d 

conditioning on the choice of A u , the sums are independent. 

The main reason why this approach succeeds is contained in the following 
innocuous lemma. 

Recall that for two functions /, g: Z —>• R with finite support, we define 
their convolution f * g by f * g(x) = X^ez f( x ~ V)9{v)- We shall denote 
ll/lloc := m ax xe z |/(x)|. Also recall that we use w(l) do denote an arbitrary 
function tending to oo as n —» oo. 

Lemma 2.4. Fix a choice of integer m = m(n) with m = n°(b and m = 
o;(logn) as n —> oo. 
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Let A C [n] be a randomly chosen set with |A| = |_n/m 2 J. Then the 
bound 


(7) 


1 A 1 A l[n] ^[nj 
\A\ |A| n n 


1 m 5 

< - • 


n n 


1/2 


holds with probability 1 — n . 


Again, we could work with a specific choice of m, such as m ~ n lo s lo s n 
or (with minor modihcations) m ~ n Too. The slightly unnatural looking 
condition \A\ = [n/m 2 J will simplify notation later on. 

Proof. Take arbitrary x € [n]. It will suffice to show that the inequality 


lA * Ia{x) - — jlfn] * l[„](x) 


< y/n\ 


nm 


holds with probability 1 — and apply the union bound. We may 

assume without loss of generality that x < n/2. For ease of notation, we 
additionally assume that x is odd. In this case, * lr n i (x) = x — 1. 

Define A\ = A n [1, x/2) and A 2 = {x/2, x\ so that we have 1 a * 1 a(x) = 
2 \ Ai n (x — A 2 ) |. An application of Hoeffding’s inequality shows that the 
bounds: 


|7Li|- 


x — 1 


2 m 


< y/xm. 


\M\ - 


x — 1 


2m 


< Jxm 


hold with probability > 1 — 2exp(—2 m) = 1 — n Similarly, the bound 

l^il l^2| 


\Ai n(x- a 2 )I - 


x/2 


< v xm 


holds with probability > 1 — 2exp(—2m) = 1 — n Hence, by the union 
bound, we have with probability 1 — n~ u ^ that 


1 A * 1 , 4 0*0 4 l[nl * l[n](**') 

ru. 1 J 1 J 


2 \A\ n (x — A 2 )\ - 
4 I A 1 1 | A 2 1 x 1 


x — 1 


< , 

x m' 

1 

< 2 

< 5 y/nm < my/n, 


mr 


+ y/nm 


I . I X I., X 

— -— +2 |Ai| - -— 

2m 2m 


+ y/nm 


as required. 


□ 


As the reader will have noticed, we make no serious attempt to optimize 
the dependence on m. The exponent 5 does not play a role; we merely need 
it to be a constant. 

For a set A C [n] and integer k. let us agree to denote by taa the dis¬ 
tribution of Y = X\ + X 2 + ... Xk, where X t are chosen uniformly without 
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replacement, that is 


r A ,k( x ) = F ( y = x) = F (Yl Xi = x 

\»=i 

Also, let r uni) fc denote the distribution of V = U\ + U 2 + • • • + Uy. where 
Ui € [n] are chosen uniformly and independently, hence in particular r uni ^ = 

? ’uni,l * ‘ ‘ ‘ * ^unijl- 

For instance, if |A| = [n/m 2 J then ta, 1 = and since we have the 

bound \\rA.i*f'A,i~ r A,2\\ 00 = the above lemma says that with 

overwhelming probability || 7*49 — r .ini y||„ <C More generally, we 

have the following. 



Corollary 2.5. Fix m with rn = n°^ and m = ca(logn), even. Let A C [n] 
be a randomly chosen set with |A| = m |_n/m 2 J. Then the bound 


( 8 ) 


Ta, 1 


1 m 6 
n n 1 / 2 


holds with probability 1 — n M 1 ). 


Proof. We consider a two-stage random process. First, we select disjoint 
sets Ai, ..., A m c A with \Aj\ = \n/m 2 \ uniformly at random. Second, we 
select & 2 j— 1 ,& 2 _/ € Aj uniformly at random without replacement. It follows 
that 


(9) r A ,m = E r Al ,2 * L4 2 , 2 * • • • r Am 2 - 

Ai,...,A m /2 

where the expectation is taken over all partitions of A. 

It is a standard fact that if / is a probability distribution then for any 
bounded g one has ||/*g|| 0O < Halloo- Hence, we obtain by a simple inductive 
argument 


( 10 ) 


r Ai,2 * r A 2,2 * ' ' ' * r A m / 2,2 r uni,m 


m/2 

< ^2 ||ta,-, 2 - ^uni,2 
3 = 1 


00 


Note that if A is selected uniformly at random (subject to cardinality), 
then so is each of the sets Aj. Using Lemma 12.41 and the union bound, 
with probability 1 — n~ u A\ the bound (JTj) holds for each Aj. Hence, with 
probability 1 — also the bound (jHJ) holds. 

□ 


We shall exploit the fact that the sums Ya=u a * t en d to have roughly the 
correct magnitude if v — u is larger than a power of logn. To make this 
idea precise, we introduce the following piece of notation. Let / C [n] be a 
(connected) interval, and let b = (6i)i S / be a [n]-valued sequence indexed by 
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/. Then 3&(b) is the event that for any non-empty interval J C / one has 


(ii) 


I>-m = 


< y/\J\n log n. 


It is an easy consequence of the Hoeffding inequality that for any I we have 

P(^(a|j)) = i-r w W 

where we use the notation a\i to denote the restriction of a to I. (In fact, we 
could replace logn in (fTTl) above with any function = cu(Vlogn)). Slightly 
more generally, we have the following result. 


Lemma 2.6. Fix a choice of even integer m with rn = n° W and m = 
w(log?r). Let A C [n] be a randomly chosen set with |A| = m |_n/m 2 J. Let 
b = (&i,..., b m ) be chosen uniformly at random without replacement from 
A. Then there is a function h with h(n) —>• oo as n —>• oo such that 

(12) P A (P bieA (^(b)) > n ~ h < n~ h W. 


Proof. By Hoeffding’s inequality, for each interval J with \J\ = l one has: 


I\e[n] 




>V7nlogn] <2 exp (—2 log 2 n) = n 


where 6* are chosen from [n] without replacement, uniformly at random. 
Hence, after an application of the union bound over 0(n 2 ) choices of J, we 
also know that 


e (p bieA hm)) = iW] hm) = 

The claim now follows from the Chebyshev bound. □ 


The above lemma can be restated by saying that for a randomly selected 
A. the bound 

(13) P bieA mb))>l-n-“W 

holds with probability 1 — . 

We are now ready to estimate the probabilities in (|5|). The only caveat is 
that we shall need to assume a certain genericity condition on U. Namely, 
we shall require that the set U be well-separated: 

(14) (Vu, v € U) u = v V \u — v\ > m, 

where m is a parameter yet to be specified. Under this condition, we can now 
prove the needed bound. Again, we prove slightly more then necessary at 
the moment, since in this section we will only apply the following proposition 
with a constant sequence Sk = s. 
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Proposition 2.7. Fix a choice of £ = e(n) and even m = m(n ) such that 

e = o(l), m = n+B and m = (MognA^ as n —>• 0. Let M be an integer. 

2 

For l < k < M let Sk = with e < < 1— £ and let uf. E [n] be distinct, 

and such that U := \ satisfies the well-separatedness condition (fl4l) . 

Then 


(15) 


M 


A € 5 «fc( a )) 


Vast/ 



(1 + 0 ( 1 )), 


where the implicit error term depends only on M. 


Proof. Define intervals Ifc = [uk,Uk+m) for k E [M], and/o = [1 ,Mm |_n/m 2 _|], 

and finally Zoo = [n] \ UAo Be- Because of the well-separetedness (fT4l) . these 
are disjoint. 

We can think of a as being selected in two stages. Firstly, for each 1 < 
k < M we select a set A of size m |^n/m 2 J uniformly at random, and put 
.Too = | n] \ IJ Next, for each k € [M] U {oo} for i € Ifc, we select a, 
uniformly at random from Ak without replacement. Finally, for i € Iq, we 
select a,i from Ufce[M] (except for values which have already been used) 
uniformly at random. It is not hard to see that this procedure produces the 
uniform distribution of a. 

By Lemmas 12.51 and 12.61 for each k E [M\ the regularity conditions (|8|) 
and (1131) hold for Af, with probability 1 — Hence, it will suffice to 

prove the bound 


M 


(16) F [ f\(s k e S Uk (a)) 


\k =1 


E Ak for all k, i E Ik 



(l + o(l)) 


where each of the sets satisfies © and (1131) (here, the error term does 
not depend on s^). 

Because for each fixed k we have F(-<&(a\j k )\ a,i E Ak for i E Ik) = n - ^ 1 ) 
by (USD, we may replace each event Sk E S Uk (a ) in (fl6l) with the event 
Sk E S Uk (a ) A&(a\i k ) at the cost of introducing a negligible error term of 
the order 0(n~ u ^). 

The claim now follows by a standard inductive argument. It suffices to 
prove the following. 


Lemma. Let k E [M]. For k < l < M and l = oo, let a *h ~ ( a i)ie/i be [n\- 
valued sequences such that the well-distribution condition ) defined 

in m holds. Let A C [n] be a set with |T| = m |_n/m 2 J satisfying the 
well-separatedness condition © and the well-distribution (fT3l) . Then 
(17) 


Sk ^ (r) A &(ctj k 


at E A for i E I k and 
a h = a *j for l = k + 1,..., M, oo 


2 + o(l) 


n 


where the error term does not depend on Sk- 
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Proof. Let b \,..., b m be chosen uniformly at random without replacement 
from A. Then the probability in (1171) can be rewritten as 


(18) 


bi^A ( $k ^ ^ h G (a*) A &(b) 


1=1 


Because of (fl3l) . we have P{,(^(6)) = 1 — n ‘‘'W. Putting 

b ■ s k ), 

it will hence suffice to estimate P(, (X)™ i h £ R). 

The assumption (fT3l) for A k +i, Afc+ 2 , ..., Am implies that for interval any 

J C Ufifc+i ^ u ^c>o with | J| > one has: 

n 
2 


(19) 


X/ a *i ~ 9 1^1 + ^( £2 ))' 


*eJ 


Note in particular that 

ma xS Uk+m (a*) = ^(n - u k - m)( 1 + 0(e 2 )) > ^n 2 (cr fc + e - 0(e 2 )). 

Thus, we have somewhat crude bounds min R < 0 and maxi? > \en 2 > mn. 
(Recall that e > > ^.) 

If A' c [min A, max A] is an arbitrary interval of length at least n lo ^ 4 n 
then 

( 20 ) 


n 


\KnR\>j\K\(l+0(e 2 )). 


Indeed, if J denotes the set of v such that Yli= Uk +m a *i *= ^ then 
| A| + 0(n) = J2 a i=^ \ K n ^1 (1 + 0(e 2 )), 

i£j 

which easily implies the claim. 

Returning to the probability we wish to estimate, we clearly have 


( 21 ) 


^2 k <E A =^2 1 R(x)rA,m(x), 


\ i=l 


where r A ,m{x) is the distribution of Yliei k bi- The sum is formally taken 
over Z but r A _ m is identically 0 outside the interval [ m,mn ]. 

It follows from Corollary 12.51 that 

( 22 ) 

,6 


X ) 1 -R(®) (TA,m{p^) Ain/m^)) 


< mn \\r Am - r, 


um,m 11 oq 


= o 


m 


n 


1/2 


We note some basic properties of r „ n i m . Firstly, r un i jm takes its maximal 
value at a precisely one point, with respect to which it is symmetric. Indeed, 
this property holds for r m \ p. and is preserved under convolution with r lin j ?. 
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Secondly, for any integer x we claim that 'r un i, m (x') <C 4 / 2 • For this pur¬ 
pose we introduce the exponential sum </>(t) := i ^fc =1 e(fef) = 
where e(t) := e 2mt , so that for each x we have 

Ami,m 0*0 = [ e{—xt)<j){t) m dt < [ \(f>(t)\ m dt. 

Jo Jo 

We have the trivial bound \4>(t)\ < 1 for each t. Slightly less trivially, 


I0(*)l = 


I sin ntir I 


I nsintn 

if n is large enough, and hence 


Hence, for ± < t < 1 - ± we find \<j>(t)\ < j/2 l o(1) 


< 


rl-l/2 n 

J l/2n 


\m m dt< (- 


< 


m 1 J 2 n 


For 1 < t < 


2 n 

,2 


we have 


_ sin nut 

nnt(l-\-0(l/ri 2 )) 


and hence |0(t)| m = 
| sm nnt | m 0(m/n 2 ) q find universal constant c such that I sinw I < 

I mrc I Ini — 

e -cu 2 for o < u < 7r/2, and thus |(^>(t)| ,ra < e _c/2n2m (possibly with a different 
constant). Consequently, 


/*l/2n /*c 

/ i^)r^</ 

10 10 


e ~ ci?r?m dt < 


C 


mJ^n 


for an absolute constant C > 0. Applying the same argument to 1 — p- < 
t < 1 , we conclude that r un i jm (x) < t ^ 2 , where C is absolute. 

We may now estimate li?(x)r un i jm (x). Let us separate the interval 
[ 0 , mn] into pieces ..., Af_ 2 , A_i, A”o, A"i, A 2 ,..., arranged in this order, dis¬ 
joint, each of length (1 + o(l))n lo ^ 4 w , except for Kq := | m (" +1 ) j G f length 
1. Consider the function g _ defined by g~(x) = y(l — Ce 2 ) for x € A",; with 
|z| > 1 and g~(x) = 0 for x £ K\. Kq, A'_i . Similarly, consider g + defined 

by g + (x) = ^(1 + Ce 2 ) for x £ A* with |i| 7 ^ 0 and g + ^ '»(»+!) ^ _ 2 lo ^ 4 n . 
The density assumption (1201) and monotonicity of r un i im imply that 


(23) 


^2r unitm (x)g-(x) < E T uni,m(^ )1r(x) < ^2 ^*uni,m (x)g + (x) 


provided that C is sufficiently large. Moreover, we have 


^ ^ ? ’uni ,m.(x) ^ 


log 2 n o 

< e 2 , 




1/2 


and inserting this bound into the above inequality we find 
(24) 


^2 r uni,m(x)g~ 0) > ^ (1 - Ce 2 ) (1 - 0(e 2 )) = ^ (1 - 0(e 2 )) . 

IT 
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By a similar argument, we have 
(25) 

J2r^, m (x)g + W < -(! + Ce 2 ) + r U m,m • 2 IOg 4 - = -(1 + 0(e 2 )). 

Tl \ Z71 / £ Th 

x 

Hence, we obtain 

(26) 5^ r uni,m(a:)li?.(.'c) = —(1 + 0(e 2 )). 

Z — J n 

X 

Combined with (1211) and (I22p . this finishes the proof of the inductive step, 
and hence the entire proof. 


□ 


We are now in position to finish the proof of Proposition 12.21 (and hence 
also the first part of Proposition 11.41) . 

Proof of Proposition \2.2l Let N be a large even integer. From ([5]) we have 
(27) P(s 0 S £ (a)) < E (-1) M E r(/\se S u (a)\ . 

M<N \U\=M \ueu J 

The inner sum runs over (( 1 ~°)j^ 1 ^ ri ) = (1 + o(l)) — n M summands. 

The proportion of summands for which (flTl) fails is O(^), and by Lemma 

12.31 each of them contributes at most O I M — I. Hence, their total 

. f m(-logn) M \ . . 

contribution is O ( —-—-— 1 = o(l). 

All remaining summands are by Proposition 12 . 71 equal to (-|) M (l + o(l)). 
Thus, the inner sum can be estimated as 


E p A s e 

\u\=m \ueu 


i M 


a = 


n 


(j ~ ° 

Ml 

(2 - 2 a) M 
Ml 


M 


M 


-)' (1 + 0 ( 1 )) + 0 ( 1 ) 

n ) 


+ 0 ( 1 ). 


i S'(*)) < E (~1) M <2 * )M +0(1) < e- 2+2 ° + A + o(l) 


This leads to the upper bound 

N 

U , J ").( )) A 

M =0 

where the constant C is absolute. Letting N —>• oo slowly with n we conclude 
that P(s € S e (a)) < e~ 2+2a + o(l). 

Running the same argument with N odd we conclude the reversed bound 
P(s € S e (a )) > e~ 2+2a + o( 1). Hence P(s 0 S e (a)) = e _2+2cr (l + o(l)), where 
the error term is uniform with respect to s. 

□ 









ON SUMS AND PERMUTATIONS 


13 


3. Higher moments of \S(a)\ 


In this section, we (asymptotically) compute the second moment E |5(g)| 2 , 
where a is a randomly selected permutation of [n]. Thus, we prove the 
concentration around the mean for | jS'(a) |. 

By a standard application of the second moment method, we have for any 
6 > 0 that 


|S(a)|-E(|S(a)| 


> 8n 2 < 


E|5(g)| 2 -E(|5(g)|) 2 

5 2 n A 


Hence, the concentration around the mean in Proposition 11.41 will follow 
directly from the following result. 


Proposition 3.1. The second moment of IS'(g)! is given by 

E |£(g)| 2 = (1 + o(l))c 2 n 4 
as n —> oo, where c = Th|—. 

Because \S{a)\/n 2 is bounded, the concentration around the mean, as 
stated in Proposition 11.41 implies the asymptotic formula for the higher 
moments E |£(g)| p for all p > 1, namely E |5(g)| p = (1 + o(l))c p n 2p . Similar 
formula also follows from a slight adaptation of the argument we give. 

We will argue along the same lines as in Section [2j The only missing 
ingredient we need in order to compute the higher moments of 15(g) | is a 
strengthening of Lemma 12.31 where Uk are not necessarily distinct. This task 
is less trivial than it might appear at first. 

Consider an example where u\ = 112 , s 3 = si — S2 (e.g. S3 = S2 = 4si) and 
= s 2- For the condition Afc=i( s fc £ S Uk (a)) to hold, it suffices 
that S 2 = a * and S3 € S U 3 (a)- One expects the probability of the 

latter event to be roughly ^572, at least when are not too small and 113 
is chosen to maximise P(s2 = Y^ii=ui a *) - This is significantly larger than 
the bound which one might expect by analogy to Lemma 12.31 Hence, 
the direct generalisation of Lemma 12.31 is not possible; instead we prove an 
averaged version. 

As before, we will only apply the following Lemma in the case when Sk 
take at most two distinct values. 


Lemma 3.2. Fix a choice of e = e{n ) with e = o(l) and e = n as 

2 

n — >• 0. Let M be an integer, for 1 < k < M let with e < 

<Tfc < 1 — e. Denote by U the set of all sequences u = (ufc)fcl 1 such that 
en < Uk < (1 — Ofc — e)n for all k and not all Uk are distinct. Then 

u&U \k =1 ) \ U ) 

where the implicit constant depends only on M. 
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Proof. Throughout the argument, M is fixed, and we allow all constructions 
to depend on M. 

We introduce a structure which we call “type graph”, intended to record 
possible linear dependencies between different sums of the form Yli=u k a * 
and target sums s k - A type graph G consists of the following data: 

(1) An initial interval I\ = [TV] together with a partition K = / U J, 
in J = 0 and \I\ ,\J\ < M. 

(2) A collection of M edges E C K x J\, ordered so that if (i,j) € E 
then i < j, such that out-deg(z) > 1 for each i E I and in-deg(j) > 1 
for each j € J. 

(3) A collection of labels Sjj for each (i. j) E E. where each Sjj has 
the form Sij = YlkQkSk with ® £ Z and Ylk l%| < 2 AI ~~ L where 
L = ~ *)• 

The bound in the final condition is purely technical; it’s significance will 
become clear in the course of the proof. Formally, G is a 4-tuple consisting 
of I,J,E and Whenever we introduce a type graph G, we 

implicitly also introduce /, J, , if and Sij appearing in the definition. 

If G is a type graph, and (wk)k&K is a (strictly) increasing sequence, 
then we define the condition j^(a,tc) to hold precisely when the system of 
equations: 

Wl-l 

(29) '^2 a i = s k ,i, ( k,l)eE 

i=w k 

is satisfied. 

We will say that two type graphs G and G’ are equivalent if the events 
J2^c(a, w) and s^Q’{a^w) are equivalent (in particular, K = K'). We will call 
a type graph G minimal if it minimises the “total edge length” (which also 
appears in the final condition defining graph types) 

(30) L= J2 

(. k,l)£E 

within equivalence class. Clearly, each equivalence class contains a minimal 
element. 

Observation. If G is a minimal type graph, then the underlying unlabelled 
graph ( K , E) is a union of disjoint paths. 

Proof. First note that if G is minimal, then there is no pair of edges ( k,l ), 
(m, l) E E with equal endpoints. 

Indeed, if there was such a pair, without loss of generality with k < m, 
then we can replace the edge (. k , l) with (. k , m) and put Sk, m = s k ,i — si )Tn . 
(Note that this decreases the total edge length L from (l30l) by at least 1, 
and thus s k ,i — si jm is a feasible label). Hence, if G is minimal then for each 
l , in-deg(Z) < 1. 
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By a similar argument, out-deg(fc) < 1 for each k. If follows that G (as 
an unlabelled graph) is a union of disjoint paths. □ 

Observation. If (uk)k=\ € U and if a is a permutation such that Sk € 
S Uk {cL ) for each k, then there exists a minimal type graph G and an increasing 
sequence (■ Wk)keK such that |/| < M and .(^(a, in) 

holds. 

Proof. By assumption, for each k there is some Vk such that a i = s k- 

We may define an increasing sequence (wk)k=i so that = {uk]kL \U 

{vk}kL\ and put K = [IV]. We next take I = {i € K : (3k € [M]) Wi = Uk} 
and J = K \I. Finally, we define E by putting (i,j) € E precisely when 
(■ Wi,Wj ) = (uk,Vk) for some k G M, and take s t .j := Sk- 

Thus defined G satisfies all of the imposed conditions, possibly except 
minimality. Replacing G by a minimal type graph within the equivalence 
class, we obtain the claim. □ 

It follows from the above Observation that the sum in ()28l) is at most: 

(31) p (^G(a,w)) 

G - m.t.g. ( w k ) keK 
\I\<M w k >en 

where the sum )T) G is taken over all minimal type graphs G with |/| < M, 
and sum is taken over all choices of ( Wk)keK with en < Wk for all k. 

Since there are Om( 1) type graphs, to prove the proposition, it will suffice 
to show that for each minimal type graph G with |I| < M we have 

(- loe n) M 

(32) V n*f G (a,w))<C M Ke ' , 

n 

(.Wk)k£K 

w k >en 

where the constant Cm depends only on M. 

Let Kq be the set of k & K such that in-deg(/c) = 0, and K\ = K\ Kq. If 
{wk : k G Kq} is specihed then for any permutation a there is at most one 
choice of [wk : k € such that £/ts(a,w) holds. Hence, we may rewrite 
the probability in ([32]) as: 

(33) ^2 W(£fc(a,w)) = ^ IP ((3(w m )meA:i) : ^c(a,w)). 

(,W k )k£K ('Wm)m£K 0 

w k >en Wm>sn 

We will now select a* in the order of increasing i, starting at 1(0) = |_£uj . 
Thus, at “time” 0 < t < n — 1(0), we select , where i(t) = 1(0) +1 . We 
then select ai with 1 < i < i(0) at times n — *(0) < t < n, but these values 
will not play a significant role. To study time evolution, we let J~t be the 
cr-algebra generated by a v ^ with 0 <t'<t. 

At time 1 = 0, the values w m with m £ Kq are specified, but not the 
values w m with m € I\\. If Wk has been specified and (k,l) € E then as t 
increases, so will Yll=w k a i■ As long as Y^i=w k a * ^ s k,l we consider wi to be 
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unspecified, but as soon Y7i= w a * = s k,i we put w i = *(i) + 1- If no such t 
is found, then wi is unspecified indefinitely. Note hat whether or not is 
specified at t is a J-j-measurable event. 

At each time t, either there is a least value l = l(t) €E K\ such that wi 
has not yet been specified, or else all wi have been specified, and we set 
l(t) := oo. If l(t) / oo, there is some k = k(t), such that ( k(t),l(t)) € E and 
hence £?c:(a,w) imposes the condition Yl7=w k ^ a * = If K^) = °°; 

set k(t) = oo. 

We introduce random variables X t ,Y t , adapted to the filtration Ft- The 
variable X t counts equations required by ,e^;(a, w) which have been satisfied: 

{ -i • r _ 

0 otherwise (including k(t ) = oo) . 


Note that the event w) is equivalent to Et x t = \K\ I • The variable 

Y t counts potential opportunities for X t+ ] to take value 1: 


Y t+ i = 



if Sfc( t)l i(t) - Ei=l fc(t) <H G N, 

otherwise (including k(t) = oo). 


Note that if Xt+i = 1 then Yt = 1. More precisely, we have: 

E(W +1 | J)) < —, 

era 

since at most one of more than era possible values of a^ t +i) guarantees that 
At+i = l. 

Let C = Cm be a large constant. We always have the following bound: 


Y^ X t = l^il < P = \Ki\ A Y7 Y t < Clog 

v t ) \ t t 

+ A” ( Y t > C log ra^ 


ra 


(where the sums Et can be assumed to run over 0 < t < n — era). 

The first summand can estimated using a union bound on the choice of 
the set of t with Xt = 1: 



\I<i\ A ^2 Y t < CTogra 


/CTograA / 1 \ l A b 

V |AA| J w 


= Om 


( (g lo g ra ) |Al1 \ 

^ ral^-d J ' 
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For the second sum, if C is sufficiently large (with respect to M ) we have 
by a standard application of Hoeffding’s inequality 

p > C log n^j = 0 M ■ 

In total, the sum in (l33l) is bounded from above by Om 

To finish the proof, it remains to verify that \K\\ > \Kq\. Recall that, 
being minimal, G is a union of a certain number P of paths of lengths 
l\, I 2 , ■ ■ ., Ip > 2 with startpoints in I and endpoints in J. We have |/vo| = 
P < |I| and \K\\ = ~ 1) = l-^l = M. Since M > |I| by assumption, 

we are done. 

□ 

We now have all the tools necessary to compute the second moment of 
15(o) |. The argument is very similar to the one we used to compute E |5(a)|. 
In places where the arguments are virtually identical, we give only the out¬ 
line, and encourage the reader to look to Section [2] for details. 

Proof of Proposition [OJ Fix a choice of e, for instance e(n) = With 

the a Riemann integral approximation argument much as before, it will 

2 

suffice to show that for any si, S 2 with Sj = &j\-> £ < <Tj < 1 — e one has 

2 

(34) P ( Sl , S2 0 S £ (a)) = (1 + o(l)) J] e~ 2+2rTj . 

3 = 1 

where the error term is uniform with respect to the choice of si,s 2 - Once 
this is established, we also have 

2 

F(si, s 2 € S e (a)) = (1 + o(l)) H(1 - e~ 2+2rjj ). 

3 = 1 

and hence 

E |S' £ (a)| 2 = ^2 P (si, s 2 € S £ (a)) + o(n 4 ) 

S1,S2 

= Ef[a-^)+»(» 4 ) 

S1,S2 j = 1 

1 —£ J- 

j J(1 — e~ 2y2a ' y )da\do 2 + o(n 4 ) = n 4 (c 2 + o(l)), 

3 =1 

where the sums run over e\ < si, s 2 < (1 — e)\, and c = —. Finally, 

we note that | (a) | = (l + o(l)) |5 £ (a)|, as we have already shown in Section 
[2j Hence, it remains to prove (I34p . 



(ilogn) 

nl A 'il-|K 0 l 
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We may rewrite the probability in (I34[i using inclusion/exclusion as: 


2 Mj 


os) E Et- 1 )" 1 E p AAte eS »,») . 


M i=0 


\Ui\=Mi M 2 =0 


\Up\=M p 


K j=l k =1 


where the inner sums are taken over all choices of Uj = {uj,k}^=i C [n] such 
that en < Uj t k < (1 — e — aj)n. 

Let N be a large even integer, and put N\ = N and 


N 2 = JV 2 (Mi) = 


N if M\ = 0 (mod 2) 

N + 1 if M\ = 1 (mod 2). 

Then the sum in (1351) is bounded from above by the truncated sum 


JVi 


n 2 


2 Mj 


(36) 


E <-!)"■ e (-i)" 1 E F AA(*f £ V“» • 


M i=0 


A^2—0 


1^1=^' 


u'=i fc=i 


With the same definitions, for odd values of N the expression above gives 
a lower bound. Hence, to find asymptotics for the sum (I35|) . it will suffice 
to find asymptotics for each of summands with Mi, M 2 fixed. 

We now consider the innermost sum. Let U = U\ U U 2 - Using Lemmas 12.31 

( m(-logn) M \ 

and 13.21 we may disregard the contribution O f ——-— I = o(l) from U 

with Ui n U 2 7^ 0, and from U which do not satisfy the regularity condition 
(|14l) for a suitable choice of the parameter m = m(n). For remaining U, 
we have from Proposition 12.71 (or more precisely, the internal Lemma in its 
proof) that 


Mi+M 2 


(37) E ' AA(’i £S '») 

\Uj\=Mj y=i fe=i ) V J 

3= L2 

The number of choices of (Ui,U 2 ) when (. Mi,M 2 ) are fixes is equal to 

2 (1 1 ^3 

(i+o(i)) n =i- -m— n Mj . Thus the inner sum is asymptotically equal 

J J-j • 

to: 

_ ,_n(2-2 

n J 


(38) 


3 = 1 




n 

3 =1 




Thus, for any large even integer N the sum in (1361) is bounded from above 


by: 




3= 1,2 


J=1 


(2 — 2 cr j ) M i C 

Mj! + W +0(1) ’ 


( 39 ) 
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where C is an absolute constant. The sum in ()39l) is simply the Taylor 
expansion of J} j=1 e~ 2+2<Tj '. Letting N —>• oo slowly with n, and repeating 
the same argument for N odd, we conclude that (1341) holds. 


□ 


4. Lower bound 


We will presently prove a lower bound on max a \S (a)| as a runs over 
permutations of [n], which is slightly better than max n \S (a) | > E a \S (a)| = 
( l+e~ 


+ O 


n 2 (which in turn is slightly better than max a S'(a) > (j + 


V 4 

o(l))ra 2 from Proposition 11.11) . 

Namely, we will show that max a |5 (a)| > (| — + o(l))n 2 , thus proving 

Proposition 11.21 We accomplish this by introducing a randomised variant of 
the construction from Proposition ll.il 

We note that the numerical values of the two constants mentioned above 
are rather close: § — = 0.286 ... , while 1+ ^ = 0.283 .... Hence, the 

quality of the bound is hardly a reason for interest in the results of this 
section. Instead, we point out that our construction gives a fairly broad and 
explicit class of permutations with | S' (a.) | significantly above the expected 
value. In particular, the bound max a \S (a)| > E a (S' (a)| is far from sharp. 


Proof of Proposition \1.2[ 

Let a be a permutation of [n] selected uniformly at random, subject to 
the condition that + aj + i = n + 1 for each odd i. We will show that 
IE | S' (a) | > (c + o(l))n 2 where c = | — 

Let us fix a choice of s = l (n + 1) + r, where l = A| and r = pn are 
integers and 0 < A, p < 1. 

Our first goal is to estimate P (s € S(a)), where we fix the value of s. 

It is clear that if s = Y^= u a * then v — u + 1 € {21, 21 + 1,2/ + 2}. Let us 
enumerate all possible intervals of length 21 , and let s^i be the event that s is 
the sum of a,j over the i-th interval, where 1 < i < n — 2/ = (1 — A + o(l)) n. 
Likewise, let SBj be the event that s is the sum over the j-th interval of 
length 2/+ 2, 1 < j < n — 21 — 2. Finally, let 'S be the event that s is 
the sum over some interval of length 21 + 1; there can be at most one such 
interval. 

For each i there are some u, v (namely the endpoints of the relevant 
interval) such that holds if and only if r = a u + a v . Hence P (srfj.) = 
n + O (^j). Similarly, each 23 3 is equaivalent to r + (n + 1) = a v + a u for 
some u,v, and P {23 3 ) = h__£ _)_ q (-1^). Likewise, ^ holds if and only if 
r = a u where either u is even and < n — 21 or u is odd and > 21 , and thus 
P(tf) = l —A + 0(i). 

Moreover, we have the following asymptotic independence condition. 




20 


J. KONIECZNY 


Lemma. Let k, l be integers. Then 



where the expected values are taken over all possible choices of index sets 
of given size. Likewise, we have 

(41) ^ 

A* A A ^ a v) = (£)‘ (i^)' a - a) + o (^T_). 

Here, the implicit constants may depend on k,l. 

Proof. We only give the argument for the former equality, the latter being 
analogous. For given I, J with |/| = k. \J\ = l, let S = Sj t j = f\ ieI A 
A j&J^i j. Also, let m = k + l. 

Recall that each event is equivalent to a Ui +a Vi = r, and likewise is 
equivalent to a u < +o„' = r+n+1. Because of the restriction aj+aj+i = n+1 

3 3 

for odd i, the event S is equivalent to a system of m linear equations of the 
form 

2m 

(42) ^2Mijbj =<H As [m]), 

3=1 

where My € {0, —1, +1} with M tJ 0 for precisely 2 values of j for a fixed i, 
bj = a Wj for some odd Wj € [n] and Cj € {r, r+(n+l), r— (n+1), i —2(n+l)}. 
We may write (1421) more briefly as Mb = c. 

We will need a uniform bound on P (Sij), valid for all choices of /, J 
with |I| = k , | J\ = l. For this purpose, we introduce an (undirected) graph 
G = Gi t j with vertex set [2m] such that the edge (ji, J2) is present precisely 
when there exists a row i such that M l j 1 , M t j 2 0. 

Note that if P (Sj^j) 7^ 0 then for any pair j\,j 2 there can be at most 
one i such that , Mj ]2 0; else one could find a pair of intervals with 

endpoints differing by 1 and both sums equal to s, which is impossible. 
Hence, G has precisely m edges. Moreover, it follows from the construction 
that G is acyclic. Hence, G has 2m—m = m connected components (possibly 
some of which are singletons). 

For each connected component of G, one value of bj may be chosen freely, 
and then (1421) determines the remaining ones. Hence, 

p(<M = nMb = c) = o , 

where the implicit constant depends at most on m. 

Having obtained the universal upper bound above, we will restrict to 
suitably generic /, J. If /, J are chosen randomly from all subsets of [n] 
of suitable sizes |/| = k, |J| = Z, then with probability 1 — O (^) the 
corresponding graph G consist of m disconnected intervals — this happens 
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precisely if no pair of indices Ui , Vi , u'j , v'- introduced above is equal, nor is 
any pair of the form w, w + 1 with w odd. 

Hence, at the cost of introducing an error term O ( „m+i ), we may restrict 
our attention to I, J such that the corresponding grahp G is a union of m 
connected, components as described above. 

We now argue for a fixed choice of I, J. Suppose that 3> is one of the 
events ,cA, 98j , and let u, v be the relevant coordinates Ui, Vi or u'j , v'j accord¬ 
ingly. For an integer N (bounded in terms of k,l), let d\,... ,dw € [n] and 
*!,•■•)*#€ [ n ] be arbitrary. Then 


(43) 


P(^ 


— d\, 


i “ijv 


= d N ) = P(^) + 0 


n- 


where the implicit constant depends only on N, provided that the event we 
condition on above has non-zero probability and that ... ,zjv differ from 
u, v by at least 2. By a standard argument, the above equality (|43l) implies 
that for any I' C /, J' C J we have 

(44) P I 9 | f\^i A /\^J = P (0) + O 

\ i£i' jeJ' J 



Ordering 98j as % with i € K , putting = Ai<; % and using P(f^) = 

O (d) we hnd 


p(A=IIp(^K') = 

j&K 



= JJp(%) + o 

j&K 




This is precisely the stated bound. 


□ 


We may now estimate P (s 0 5(a)) from inclusion-exclusion formula, trun¬ 
cated at level N, where N is a large even integer: 

p (s?S(a))< J2 EEt-^'P A 4 a A^ 

k-\-l<N |/|=/c | ,/|=Z yiE/ jE*/ 

- E EEH) lt, p A^A 

k+KN \I\=k\J\=l \ie.i j£J 
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Substituting bounds from the Lemma above we find: 

/ \ / / 1 A \ 

P(s , s(a)) < E ,-!)-(£) 

k+l<N v 7 




n 


n 


E (-D 

fc+Z<iV 

/1-A\ TO 

: ^ (-I) 7 " ^ 2 / A + O 


i n-x„\ k + l 


p\ k ( l ~p\ l (V re ) 


m<N 


ml 


i 


N\ 


k\ l\ 


+ On 


(1 - A) + O n - 

. n 


— e 2 A + O I —— ) + On I — ) , 


N\ 


n 


where we use the notation On (•) to signify that the implicit constant is 
allowed to depend on N. Letting N —>• oo slowly with n, we conclude that: 

P (s 0 S(a )) < e 2~A + o(l), 

with the error term uniform with respect to the choice of s. It follows that: 


E 15(a) | > n 


2 1 + o(l) 


1 r 1 


= n 


2 

3 _ J2_ 
2 “ 



1 —A 

1 — e 2 A dXdp 


o JO 

-o(l)). 


A symmetric argument yields E |5(a)| < n 2 + o (1)^ , which finishes 

the proof. □ 


5. Upper bound 

At this stage it seems that the distinct sums Ya= u a * tend to be rather 
numerous. The trivial upper bound on their quantity is ( n ^ 1 ), which hap¬ 
pens to be both the upper bound for any single sum and the number of 
distinct intervals. 

It is natural to ask if this bound is sharp, and it turns out that it is not. 
In this section we obtain a slight improvement, namely 

(45) S(a) < Q + Y^ + °(l)) n2 > 
thus proving Proposition 11.31 

We will consider the set of sums which are above average value. Define: 

(46) L(a ) := j (u, v ) € [n] 2 : u < v, ^ a* > V™ + 1 

v i=u ' 

Our main idea is to show that L{a) can never be too large. The following 
proposition easily implies Proposition 11.31 
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Proposition 5.1. Let a be a permutation of [n], and let L(a ) be defined as 
above. Then: 

L{a) < + °(1)) n2 - 

Remark. The constant jq cannot be improved, as shown by the “tent map” 
permutation: 

2 i, i < § 

2 (n — i) + 1, i > §. 

This is essentially the only possible example, as will become clear in the 
course of the proof. Note, however, that for this particular permutation we 
have S(a ) = o(n 2 ) for similar reasons as for the trivial permutation; see also 
Proposition 16.21 We believe that the bound in 11.31 is not sharp. 

Proof of Proposition 11.31 assuming Proposition 15.11 Partitioning S(a ) in two 
parts at ^( n l^ 1 ) we easily find that: 

|'S'(«)| ^ ^ 2 ^ + \L(a)\ < + — + o(l)^ n 2 . 

This is precisely the sought bound. □ 

We will devote the remainder of this section to proving Proposition 15.11 
To begin with, we reduce the problem to the case when the permutation 
can be partitioned into two monotonous parts. This part of the argument 
restricts the sample space significantly, and will be crucial to ensure that the 
continuous version of the problem has enough compactness for the maximum 
to be realised. 

Observation 5.2. Let a be a permutation on [n]. Then there exists an¬ 
other permutation a' such that |L(a)| < |L(a')| and there exists k such that 
a[,, a' k is increasing and a' k , a' k+1 , ..., a' n is decreasing. 

Proof. Choose k so that Yli=i a i > ^C^ 1 ) an d Yl?=k a i — h ("^') • 

Consider the permutation a' obtained from a by sorting a \,..., in 
increasing order and a^+i,... ,a n in the decreasing order. More precisely, 
let a' be such that {a[ : 1 < i < k} = {a* : 1 < i < k}, {a[ : k < i < 
n} = {di : k < i < n}, a\ <■■■ < a' k and a' k+l > • • • > a' n . Clearly, a' has 
the required monotonicity property. 

We claim that L(a) C L(a'). Suppose that (u, v) € L(a). By the choice 
of k , we have u < k < v. Thus, 

v k v k v v 

^J2 ai = ^2 ai+ a i^Y a 'i + Y a 'i = Y a i- 

i=u i=u i=k+l i=u i=k +1 i=u 

Thus, (u,v) G L(a'), as desired. □ 

We are now ready to introduce the continuous variant. The analogue of 
the space of all permutations of [n] obeying the monotonicity condition in 


1 fn + 1 
2 \ 2 
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Observation 15.21 is the family F rnon of measurable functions /: [0,1] —>• [0,1] 
obeying the following conditions: 

(1) for any measurable E C [0,1], f E f{x)dx > and f{x)dx = 

(2) there exists k = Kf such that f(x)dx = j'J f(x)dx = and 
moreover /|[o )K ] is increasing and /|[ K .i] is decreasing. 

(Here and elsewhere, if E C M is measurable then \E\ denotes the Lebesgue 
measure of E.) Note that for a permutation a and any index set I we have 
Eie/Oi > analogy to condition (P). 

We will also occasionally need to use the larger family F of functions 
/: [0,1] —» [0,1] which only satisfy the condition (JTJ) but not necessarily ([2|). 
We note in passing that F is convex, and both F mon and F are closed in 
the L 1 topology. 

Another thing we are missing is an continuous analogue of L(a) from (|46l) . 
For any / S F we define: 

( 47 ) L (f) ■= £ [0, l] 2 : x<y, J f(t)dt >^| 

The continuous analogue of Proposition 15.II is the following statement. 

Proposition 5.3. Suppose that / € F mon . Then \L{f)\ < 

This bound is sharp. The (unique) function / with A(/) = will turn 
out to be the “tent map”: 

2x if x < \ 

2(1 — x) if x > |. 

We defer the proof of Proposition 15.31 Our immediate goal is to deduce 
Proposition 15.11 from Proposition 15.31 Before we do that, we make some 
preliminary observations which will be useful in the course of the proof, as 
well as in the main body of the argument. For / E F, define 

(48) Vf(u ) := sup € [0,1] 

(49) Uf(u ) := inf € [0,1] 

(50) A(/) := \L(f)\ . 

Observation 5.4. With the definitions as above, the following are true. 

(1) The maps F 3 f i-t Vf € T 1 ([0,1]) and / i —Uf are well defined and 
continuous, where on F we take the L 1 topology. 

(2) For any uo,fo with f(x)dx = \ we have 

rUo rl 

A(/) = / (1 -Vf(x))dx+ / Uf{x)dx - u 0 (l - u 0 ). 

JO J VQ 
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(3) In particular, we have the formulas 

(1 — Vf(u))du= / Uf(y)dv. 

Jo 

(4) The map T 3 f i-A A(/) € R is continuous. 

(5) If / € J-’mon, then the set L(f) is convex. 



Proof. The integral formula for A(/) follows from partitioning L(f) into 
three parts: L_ = L(f ) n {u < uq, v < uo}, L + = L(f) n {re > reo, v > reo} 
and L + = L(f) n {re < re 0 , v < re 0 } = [0,re o ] x [re 0 ,1]. 

Continuity of / i —> A(/) is clear once the previous points are established. 
It remains to prove continuity of / eA Vf (argument for / i-A re/ is analogous). 

Take any /, f n € T with f n -3 f in L 1 . Fix re and let re = re/(re). Let us 
suppose that re < 1, since the case v = 1 is easier. For any <5 > 0 we have 

rv—S -| rv -i rv-\-5 -i 

/ f(x)dx + -5 2 < / f(x)dx = - < / f(x)dx - -5 2 

J u ** j u ^ j u ** 

Thus, for n > no (5) we have: 



fn{x)dx + -5 2 


<4< 




Consequently, re — 5 < Vf n (u ) < re + 5. Taking 5 -3 0 we conclude that 
re/ n (re) -A v as re -3 oo. Hence, re/ n -A re/ pointwise. Since all relevant 
functions are bounded, Vf n -3 Vf in L 1 . 

Finally, we prove convexity of L(f). Suppose that (rei, v±), (u 2 , v%) € L(/) 
and u = Ul + U2 ; v = Vl + V2 . We may without loss of generality assume that 
u\ < U 2 < Kf < v\ < V 2 , and that J))’ 1 f(x)dx = f(x)dx = j. We then 
have 

I-U 2 rv 2 

/ f(x)dx = / f{x)dx =: /, 

J U\ J V\ 

and because of monotonicity f(x)dx < \ < JJ 12 f(x)dx and J]” f(x)dx > 
\ < J)} 2 f(x)dx. Hence, 

/* , ui /*w /* , u i 

/ f{x)dx= / f(x)dx— / f(x)dx+ / f(x)dx>~, 

Ju J U\ J U\ Jv 1 ^ 


and consequently (re, re) € L(/). Since L(f) is closed, this proves convexity. 

□ 


Proof of Proposition I5.il assuming Proposition 15.51 For each n, let be a 
permutation of [re] which maximizes |L(a^ n ^)|. We may assume without loss 

of generality that are increasing for i = 1,..., and decreasing for 
i = k^ n \ ... ,n. 
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To the permutation a^ we may associate a function f n : [0,1] —>• R de¬ 
fined by 

/i + t\ a (n) 

(51) fn (-) = —Vt’ for * G M, t G [-1,0), 

\ n J n + 1 

(n) 

(and for completeness, put /(1) := Sa_). 

We have the obvious bounds 0 < f n (x) < 1, as well as the formula 

v . . rv/n 

^2 a i = n ( n + 1 ) / fn{x)dx 
i=u+1 Ju / n 

for u, v € [n]. In particular, f n {x)dx = It is not difficult to see that 
for any measurable E with \E\ = with m£N,/i£ [0,1) we have 

l + 2 + -- - + m + (m + l)/i (m + g){m + 1) |-E| 2 

n(n + l) 2n(n + l) 2 — 2 

where the last inequality can be checked with elementary methods. It is also 
clear from the construction that f n is monotonous on [0, -] and on , 1], 
Hence, f n € J mon . By Proposition 15.31 A(/„) < It remains to relate 
A (f n ) to |L(a^)|. For any u,v, if (u,v) € L{a W) then the square [^, x 
[~, TT - ] contained in L(/„) c , and conversely if (u, v) 0 L(a^) then square 
2 ^] x [^i n] is contained in L{f n ). Together with the observation 

that L(f) is convex, this shows that L( "_, - — A (f n ) = O(A). 

Thus, |L(a)| = (1 + o(l))A(/ n )n 2 < j^n 2 , which finishes the proof. 

□ 



The rest of this section will be devoted to proving Proposition 15.31 Our 
first step in that direction is to show that the supremum snp ge jr A(g) is 
realised by some / € E mon , where it is convenient to allow g to range over 
the larger family T to simplify perturbation arguments later. 

Observation 5.5. There exists / € Jmnn such that A(/) = sup 9g j-A(g). 

Proof. For any g £ E, there exists g £ Jmnn such that A (g) > A(g). This 
follows from an argument essentially equivalent to the one in Observation 
a Hence, it will suffice to show that the supremum sup gg jr mon A (g) is 
realised by some /, which in turn will follow once we show that E m0 n is 
compact. 

Compactness of E mon is direct consequence of the classical Helly’s se¬ 
lection theorem, see e.g. [3] for details. For a direct proof, consider any 
sequence f n £ J mon . Passing to a subsequence, we may assume that f n 
converges pointwise on Qn [0,1]. By motonicity, f n converges pointwise a.e. 
to some function /. Thus, by the dominated convergence, f n converges in 
L 1 . It is clear that / £ T'mon- □ 
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Once we know that there is / £ -Fmon which maximises A, we may study 
such / more closely. It comes as no surprise that the behaviour of A(/) 
under small distortions is relevant. 


Lemma 5.6. Let / £ J 7 , and suppose that h £ L°°([0,1]) is such that 
/ + rh £ J 7 for sufficiently small r > 0. For r > 0, denote: 

(52) A T A(f) := A (/ + r/i) — A (/), 

(53) 4A(/) := lim-A r A(/). 

r->0 r 

We then have the formula: 

f 1 ( fn u if x < K, 

4A(/) = / h(x)w(x)dx, where w(x) := Jo 1 

•'° /OO)) h x > k, 

where k = k/ is such that J Q K f{x)dx = f(x)dx = |. 

Proof. We may assume without loss of generality that ||h|| < 1. Following 

the convention suggested above, for r > 0 we denote: 


(A T Uf){x) := u f+Th (x) - Uf(x), (A T Vf)(x) := u/ +r/l (x) - Vf(x), 

( d h u f )(x ) := lim -(A r u/)(x), (6 h v f )(x) := lim -(A T vt)(x). 

r—>0 T r—>0 T 

Since / is fixed, we will suppress dependence on /, writing A r u, A r u and 
5hU and 5hV whenever ambiguity does not arise. 

We have a trivial estimate |A T u(u)| < 2y/r for each u, which follows 
directly from the chain of inequalities 


i> 


pv(u)+A t v(u) 
/ v(tt) 


(/ — rh)(x)dx 


> ( A tv{u )) 2 _ 


(Here and elsewhere, we use the convention that = — JT if a >b). 

In the same way, we have |A r it(u)| < 2^/r for each v. 

Now, fix // < k. If r is small enough, then for 0 < u < fj, we have that 
v(u) + A T v(u) < 1. For u < n we have, slightly more precisely than above: 


1 

2 


f'v(u)-\-A T v(u) 


(/ + rh)(x)dx 


1 r v ( u ) Mu)+a t v(u) . . 

- + r / h{x)dx + / f(x)dx + O (t 3 A ) . 

2 Ju Jv(u) v ' 


Hence 


1 

A T v(u) 


pv(u)+A T v(u) 
/ u(w) 


f(x)dx = 



For a.e. u, the expression on the left hand side tends to f(v(u )) as r —>• 0, 
by the Lebesgue density theorem. Hence, for a.e. u , 5hv(u ) is well defined 
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and: 

(54) 


5hv(u) = lim 


A T v{u) U) h{x)d: 


ix 


r^O T f(v{u )) 

By a symmetric argument, if we fix k < v < 1 then for a.e. v > v we 


have 

(55) 


5 h u{y) = 


fu(v) h ( x ) dx 


f(u(v)) 

Fix 0 < fi < k and put v = v(n). Using Observation 15.41 we have: 

A(/) = f (1 — v(u))du+ f u(v)dv — fx(1 — v). 

Jo Ju 

Note that for any e > 0 and any sufficiently small r we have A T u(v) < 
for u < fi, and hence At ^( u ') j s uniformly bounded. Likewise, At ^ v '> 
if uniformly bounded for v > is. We may now compute: 


ShHf) = lim -A r A(/) 

t — ^0 T 


= lim 

T—> 0 


A T v(u) 


'‘A ^l dv + „^M + 0 (r) 


f 

/ Shv(u)du + / 5hu[y)dv + fidhv(/j,) 
Jo Ju 


where the last equality uses the dominated convergence theorem. Note that 
this holds for any 0 < /j, < k. Passing to the limit g -> 0 or g —> k we find 
simpler expressions: 

(56) S h A (/) = - f 5 h v(u)du = [ 5 h u{y)dv 

J 0 j K, 

Inserting (154|) into the first equation of (|56l) and exchanging the order of 
integration, we now find: 


4A (/) = f 

Jo 


K fu (U) Kx)dx _ * 
0 Mu)) 


[ Hx) [ 
JO Ju 


min(a:,Ac) ^ 


u(x) 

X du 


f(y(u)) 


dx. 


Let w(x) denote the value of the inner integral f(v( u )) • If x < k then 
u(x) = 0 so we obtain the sought formula w(x) = f Q l Else, the 

formula follows from a change of variables v = v{u) together with the ob¬ 


servation that ^ 


□ 


Using standard techniques, we can extract from the above Lemma strong 
structural information about the function / minimising A. The proof is 
complicated by the fact that we need to account for a variety of pathological 
behaviour that / may potentially exhibit. However, the key idea is simply 
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to relate to each undesirable behaviour of / a perturbation which increases 

HD- 

For f E 1R, we let sgnf denote the sign of t, with the convention that 
sgnt = +1 for t > 0, sgn t = — 1 for t < 0 and sgnO = 0. In particular, / is 
continuous. 

Lemma 5.7. Suppose that / E F r nnn is such that A(/) = sup gg j- A(g), and 
let x, y E [0,1]. Then: 

(1) For each x,y we have sgn (f(x) — f(y)) = sgn (w(x) — w(y)). 

(2) The function / is continuous (except perhaps at Kf). 

(3) For each E C [0,1], measurable, we have |/~ 1 (£’)| = \E\. 

Proof. We separate the proof into several steps. 

Step 1. If f(x) > f{y) then w(x) > w(y). 

Suppose otherwise, so that w(x) < w(y). Since w is continuous, there is 
some e > 0 such that w(x') < w(y') when \x' — x \, | y' — y\ < e. Suppose 
for concreteness that x < Kf < y (the remaining cases being fully analo¬ 
gous), so that / is increasing in a neighbourhood of x and decreasing in a 
neighbourhood of y. 

We wish to consider a function / obtained by “swapping” the intervals 
[x, x + e] and [y — s, y\. Hence, we define 

f(x + t) = f(y-e + t) t E [0, e] 

f(y - e + t) = f(x + t) t E [0, e] 

}{x) = f{x) x £ [x,x + e] U [y - e,y\ 

It is clear that / E J~, since membership in T is “invariant under re¬ 
arrangement” , in the sense that the condition can be phrased purely 

in terms of the values \g~ 1 (E)\ for E C [0,1], measurable. 

Put h = f — f, so that / + rh € T for t E [0,1] because of convexity. 
Using Lemma 15.61 (and the notation therein) we have: 

ShMf) = [ h(z)w(z)dz 
J o 

(w(x + t) - w(y - e + t))(f(y - e + t) — f(x + t))dt > 0. 

Hence, for sufficiently small r we conclude that A(/ + rh) > A(/), contra¬ 
dicting the choice of /. 

Step 2. There is no interval where / is constant. 

Suppose otherwise, so that there exists some to with U := / _1 ({io}) with 
positive measure. Then, we claim that for any test function h such that 
supp h C U , Halloo < 1, Jq 1 h{x)dx = 0, and for sufficiently small r > 0 
we have / + rh E F. (Recall that supp h = {x : h(x) ^ 0}.) The fact 
that U will generally consist of two disjoint intervals contained in [0, Kf] and 
[Kf, 1] respectively complicates the notation slightly. Instead, we argue a 
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slightly simpler statement, and leave it to the interested reader to work out 
the details. 

2 

Claim. Pick two points 0 < xq < x\ < 1. Let G[x ) = y- and let 
F(x ) = X °+ X1 x — (so that F{x ) = G(x) for x = xo,xi). Also, hx a 
differentialbe function H with suppiL C [xo,xi] and < 1. Then, for 

sufficiently small r, for any x € [xo,xi] we have F(x) + tF[(x ) > G(x). 

Proof of Claim. Taking r sufficiently small, we may ensure that F'(x) + 
tH\x) > G'{x ) for xo < x < xo + x 1 ±q'° and F'{x ) + tH'{x) < G'(x) 
for < xi — X1 1Q X ’ Q < x < xi. Hence F(x) + tF[(x) > G{x) when x is 
within X1 ^ X ° of xq,x\. Since F(x) — G(x ) is bounded away from 0 on for 
x 0 + Xl (( ) Xo < x < x\ — X1 [ Q X ° we can ensure F(x) + tH(x ) > G{x) for such 
x by choosing sufficiently small r. 

We are now ready to derive a contradiction. Since for any fixed h as above 
we have /±r/i E F, we conclude that <5/ l A(/) = 0. Hence, by Lemma HTUl we 
have j v h(z)w(z)dz = 0. However, this is only possible if w is not constant 
on U, which it clearly is not. Thus, / is not constant on any interval. 

Step 3. For any t > 0, we have infi E i =t f E f{x)dx = y. 

Once this equality is proved, the condition ([3]) follows. (Both are easily 
seen to be equivalent to the statement that the increasing rearrangement of 
/ is the map /(x) = x.) 

Note that inequality in one direction follows directly from the fact that 
/ € T. We just need to prove inf|£| =t f E f(x)dx < y. 

Suppose for the sake of contradiction that for some to we have strict 
inequality J Eo f(x)dx > where Eq is chosen so that |£o| = to an d the 

integral is minimised. From monotonicity of / it follows that Eq takes the 
form Eq = [0, xo] U [yo, 1] for some 0 < xo < kj < yo < 1, and because / is 
nowhere constant, the choice of xo,yo is unique. 

Let ti > to be such that J Eq f(x)dx = ^tj*, and let E\ = [0,xi] U [yi, 1] 
with |Fd| = ti minimise f Ei f{x)dx. Take F = Ei \ E 0 = [xo,xi] U [yi,yo\, 
and take a set U such that clt/ C hit F and \U\ > 0. Since for any x £ U 
and x' € E 0 we have /(x) > /(x'), it is not difficult to show that for any h 
with supp h C U, < 1, h(x)dx = 0, for sufficiently small r we have 

f + rheF. 

By the same argument as in Step 2., this means that /J h(x)w(x)dx = 0. 
Since w is non-constant and h is arbitrary, this is the sought contradiction. 

Step 4- The function / is continuous (expect possibly at kj). 

Note that the only way / could be discontinuous is if it had a jump 
discontinuity at some point x. Suppose that this is the case, and assume for 
concreteness that x < k/ so that / is increasing at x. Since by Step 3., the 
image of / is dense in [0,1], we may find some y where / is continuous such 
that lim Z ^. x _f(z) < f(y) < lim Z _>. x+ f(z). Assumption that x < Kf forces 
y > Kf, so for y' < y, sufficiently close, we have w(y') > ufy). Hence, using 
Step 1. we have w{x) < w(y ) < w(y') < w(x), which is a contradiction. 

Step 5. If /(x) = f{y) then w(x ) = ufy). 
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Assume for concreteness that x < Kf. Using Steps 1. and 2. we have 
w(x) = YmYz^x w(z) < w(y), and symmetrically w(x) > w{y). 

Steps 5. and 1. together imply condition (JTj) , hence the proof is complete. 

□ 


Note that modifying a function / E T at a single point does not affect 
A(/). Hence, the above Lemma [5.71 implies in particular that A is maximised 
by a continuous, nowhere constant function / E J~ mon . 

For continuous / E T-moa which are not constant on any interval, we 
introduce local inverse functions af. [0,1] —>• [0, k/] and (3f. [0,1] —>• [k/, 1] 
so that 

/(«/(*)) = = t. 

Whenever possible, we will suppress dependence on /, writing simply a and 
(5. We have the following, somewhat unexpected, relation. 


Lemma 5.8. Suppose that / E J-'mon is such that A (/) = sup 9g j A(g) and 
that / is continuous. Then, for any t E [0,1] we have v o a(t ) + u o (3(t) = 1. 
In particular, k = 


Proof. The claim is clearly true for t = 1, and the value of k follows from 
the remaining part of the statement by taking t = 0. 

It is a direct consequence of Lemma 15.71 that a and /3 are Lipschitz con¬ 
tinuous, with Lipschitz constant at most 1. Moreover, u and v are Lipschitz 
continuous on [0,1] \ (k — e, n + e) for any e > 0 (with the Lipschitz constant 
dependent on e). Thus, «oa + ao^ is Lipschitz continuous on [0,1 — e] for 
any e. In particular, v o a + u o /3 is absolutely continuous on [0,1 — e], and 
to prove that it is constant it will suffice to show that (»oa + «o = 0 

for almost all t. Passing to the limit e —> 0 will then complete the proof. 

A simple computation yields: 

(57) 

fo/3(t) _ t/3'(t ) ( __ ta'(t) 


(uop)'(t) = l3 / (t)- 


(■v o a)'(t ) = — 


f o v o a(t ) 


fouo/3(t) fouof3(t)' 

almost everywhere (where aft) and /3'(t) are defined). 

Another application of Lemma 15.71 implies that w(a(t)) = w(/3(t )) (with 
w defined as in Lemma 15.61) . Differentiating this equality, we conclude that: 

(58) = 

j o u o p[t) j o v o a{t) 

Combining (l57l) and ([58]) we conclude that indeed (woa + iio^)'(i) = 0 
a.e., which finishes the proof. 

□ 


We are now ready to prove the final bit of information we need about the 
function maximising A, namely the symmetry. 

Observation 5.9. Suppose that / E continuous, is such that A(/) = 

su Pge-E A(fiO- 
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Then any s,t € [0,1], if a(s) = uo/3(t) then also aft) = uo/3(s). In 
particular, the function / is symmetric: ffx) = /(I — x) for all x. 

Proof. We begin by proving the symmetry of /, assuming the former part of 
the claim. It will be enough to show that for any t, aft)+13 ft) = 1. Take any 

t, and let s be such that a(s) = u o (3 ft). By assumption, aft) = u o (3(s). 
We have v o a(s ) = v o u o f3(t ) = f3ft). Hence, aft) + j3(t) = u o /3(s) + 
v o a(s) = 1. 

For the remaining part of the argument, it will be convenient to define 
a pair of transformations T a and Tp on [0,1] given by T a = f o uo (3 and 
Tr = / o v o a. We note several properties of these transformations. 

(1) T a o Tpft) = t and Tp o T a (t) = t for any t; 

(2) a(T a ft)) = u o /3(t) and /3(t) = v o a(T a ft)) for any t; 

(3) | a{Tlft)) - a(Tlft'))\ = \/3(t) - Pft')\ for any t,t'\ 

(4) T a (t) > T a (t') and Tpft) > Tpft!) for any t < t!. 

Assertions m and (J2J) follow directly by substitution. For example, we have: 

T a o Tpft) = fouo/3ofovo aft) = f o u o v o aft) = f o aft) = t, 

where we use that u ov(x) = x and /3 o f(x) = x in appropriate ranges of x. 
The remaining equalities follow along similar lines. 

Assertion m follows from known monotonicity properties of /, a,/? and 

u, v. For instance, if t < t' then j3(t) > f3(t'), hence uo /3(t) > u o (3ft 1 ) and 
f o u o j3 ft) > f o u o f3(t') (note that / is increasing in the relevant range). 

Assertion ([3]) is the least obvious and the most crucial. Using Observation 
15.81 and previously established properties of T a we have: 

\a{T 2 a {t)) - a{T 2 0 {t'))\ = \u o f3(T a (t)) - u o (3(T a (t'))\ 

= |u o a(T Q ft)) - vo a(T Q ft'))\ = \/3(t) - fjft')\ . 


Our main claim is equivalent to the statement that for each t. T%ft) = t, 
where we may restrict our attention to t with T a ft) < t. For the sake of con¬ 
tradiction, suppose that for some to w e have T^(to) / to- For concreteness, 
we may suppose that T^fto) > to, the other case being fully analogous. 

Let us consider the consecutive iterates t n := T^(to) for n E Z (for n < 0 
we use Tp = T' 1 ). By Q, it is clear that t 2 n is monotonously increasing, 
while t 2 n+i is monotonously decreasing. Moreover, we may define: 

ra(tn+2) r0(t n + 1) 

In ■= / f(x)dx = / ffx)dx 

Ja{tn) J P(t n -i) 
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where the two integrals are equal because by d2|) we have 


/•Voa(t„) r 

/ f(x)dx — / 

J Ot(tn) Jot. 

j 

J a 


voa(t n+ 2) 


a{tn) 
“(*n+ 2 ) 


a(t n + 2 ) 
P(tn+ 1 ) 


f(x)dx 


f{x)dx— / f(x)dx. 

Ici(t n ) J /3(i n _i) 

In similar spirit, we may define 

l n .— Oi(t n - (- 2 ) Ol(tri) — / 3 (tn— 2 ) 

where the two quantities are equal by a direct application of (J3]). 
Using monotonicity of / and t n , we find that for any n E Z we have 


^2n^2n+2 I'2n ^2n^2m ^2n+1^2n+3 — ^2n+\ A: ^2n+1^2n+l) 

^2n+lt2n-l > hn > fen+lt2n+l, hn+2t2n < l2n+2 < ^2n+2t2n+2- 

Combining the above inequalities, we find 

I 2 n 12n ^2n+l . t'2n+l ^2n _ ^2n 

1 2n+2 1 2n+l ^2n+2 ^2n+2 ^2n+l ^2n+2 

Taking the product as n ranges over — TV + 1,..., 0 and letting N —» oo 
we conclude that 

lim inf/_ 2 at > — lim £_ 2 jv- 

N^roo to W—>oo 

The limit on the right hand side is defined, because the sequence t- 2 N is 
decreasing. 

We claim that limjv-kx> t- 2 N > 0. Clearly, we have T a (to) = t\ < to and 
T a (t i) = t '2 > t \. Thus, there is some t\ < t* < to such that T a (t*) = t*. 
By monotonicity of T Q we have that for any t that t > t* if and only if 

T a (t) < f*, which is further equivalent to (t) > t*. Hence, t 2 n > t* for all 

n € Z, and in particular liin/v-Kx> i-2iv > t* > 0. 

It follows that 1—2N converges to a non-zero limit as N -A oo. On the other 
hand, by construction of l n , the interval [0,1] contains a disjoint union of 
intervals with lengths l n , n E Z. In particular, Ylneiln < oo, contradicting 
the above statement. □ 


Corollary 5.10. The unique (up to a.e. equality) function / E T r nu n max¬ 
imising A is given by: 


/O) 


2x if x < \ 

2(1 — x) if x > 


We are now in position to finish the proof of Proposition 15.31 Let / be 
the function defined above. The region L(f) can be described explicitly: 

L(f ) = {(ah?/) € [0, l] 2 : x < y, x 2 + (1 - y) 2 < ^ j. 


This gives A(/) = 2L, which is precisely the needed bound. 
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6. Closing remarks 


In the previous sections, we have obtained a fairly satisfactory under¬ 
standing the liS'(a)! in for a random permutation, as well as in the “best 
case scenario” where a is chosen to maximize | S'(ci) |. It is natural to ask 
about the behaviour of IS'(a)! in the “worst case scenario”, when o is chosen 
to minimize IS'(a)!. We now address this problem, but we ask more questions 
than we answer. 

The best lower bound we are aware of can be obtained by an argument 
in [IT] (also present in 0). a variant of which we sketch below for the 
convenience of the reader. 

3 j 2 

Proposition 6.1. For any permutation a of [n] we have IS'(a)! > ^=. 

Proof. For any integer k, consider the set Sf.(a) of the sums s E 5(a) with 
kn +1 < s < (k + l)n. Clearly, S(a ) = Ufc>o | S , fc( a )’ an d the union is disjoint. 

Take any 1 < k < For any u, at least one of the sums Yli=u a * or 

exceeds K’^ 1 ) > kn. For concreteness, suppose Jf / 7 l=u a i > an( A 
let v be the smallest integer such that Yli=u a * > k n ■ 

By the choice of v we have Yli=u a i *= <Sfc-i(a) and Y^i=u +1 a * *= Sk{a) U 
S , fc_i(a). Hence, a u € Sk(a) — (Sk(a) U Sk-i(a)). Since u was chosen ar¬ 
bitrarily, we conclude that Sk(a ) — ( Sk(a ) U Sk-i(a)) D [n], which implies 
that 

\Sk(a)\ + |<Sfc_i(a)| > V2n. 

Summing over 1 < k < and using |5o(a)| = n > y/2n we conclude 
that: 


l n+1 


|S(o)l>l ^2 (|St(«)l + |Si-i(o)l) > \ 


k =0 


n + 5 


y/2n > 


n 


3/2 


4\/2 " 


□ 


This bound is rather far from what one would expect. The trivial permu¬ 
tation a t = i is essentially the only known example with |S(a)| = o(n 2 ). In 
this case, we have ^(a)! ~ n 2 ~°^. 

Slightly more generally, we have a similar result for permutations of 
“bounded complexity”. Because the result is rather standard, we only sketch 
the argument. 

Example 6.2. Fix an integer M. Let a be a permutation of [n] of complex¬ 
ity at most M, by which we mean that there is a partition [n] = u£i^ 
into intervals such that for each j € [M], i £ Ij we have a* = ibj + Cj , where 
bj,Cj are some constants and \bj\ < M. 

Then \S(a)\ = o(n 2 ) but for any 6 > 0 also |S(a)| = H(n 2_<5 ) (the implicit 
rates of convergence are allowed to depend on M and 5). 
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Sketch of the proof. For the lower bound, it is enough to observe that one 
of the intervals Ij has large length \Ij\ > n/M. For u, v E Ij, 5(a) contains 
the sum 

E , / u + v, 

a,i = (v — u + 1) I Cj 4-— bj 

i=u ' 

There are at least ( n ^ M ) choices of u, v, and each sum s is represented in at 

most d(s) <C n s possible ways. Hence, 15*(a) | = kl(n 2 ~ s ). 

For the upper bound, it suffices to show that for any j,k € [M] the 

number of sums YH,= U a * w hh u € Ij, v € Ik is o(n 2 ). If we fix j. k, and let 

u E Ij, v € Ik then 

V 

ai = Hu 2 + Bu 2 + Cx + Dy + E, 

i—u 

where A = \, B = Hence, the problem reduces to showing that for 

the polynomial P{u, v ) = Av 2 + Bu 2 + Cx + Dy + E we have 

\{P(u,v) : u,v £ [n]}\ = o(n 2 ). 

It is not difficult to reduce to the case C = D = E = 0 and gcd(H, B) = 1. 
There are not two cases to consider. 

Case 1. Suppose that — AB is a square. Then P(u,v) factors as (A'u + 
B’v){A'u — B'u ) and the bound follows from the theorem of Erdos cited in 
the introduction. 

Case 2. Suppose that — AB is not a square. Then, by Chebotarev’s 
density theorem, there is a family V of primes p with positive relative density 
such that —AB is not a square modulo p. For any p € V we then have 

P(u , v) ^ p, 2 p ,..., (p — 1 )p (mod p 2 ), 



and thus 


Um I {P(u,v) : u,v € [n]}| 

n—Kx) 77,2 


«n 

p£V 



□ 


In the above example, we could equally well allow the “complexity” tend 
to oo with n, but do so sufficiently slowly. 

Hence, both for random and highly structured permutations a, we have 
I S(a)\ ~ n 2 ~°^. In absence of plausible counterexamples, we pose the 
following question. 


Question 2. Is it the case that for any 5 > 0, there exists a constant cs > 0 
such that for any n, and for any permutation a of [n] one has 15(a) | > 
csn 2 ~ 5 ? 

In fact, all examples with |5(a)| = o(n 2 ) we are aware of exhibit some 
algebraic structure, much as in Proposition 16.21 It is not quite the case 
that 15(a) | is minimised for the trivial permutation, but none of the known 
examples seems to be significantly worse. Hence, we may ask more boldly: 
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Question 3. Does there exists an absolute constant c such that for any n, 
and for any permutation a of [n] one has |5(a)| > c|5(id n )|? 

(Here, id n denotes the trivial permutation on [n]). 

In similar spirit, we may also ask if the only way for 5(a) to be small is 
if a has some algebraic structure. To give an indication of just how much 
structure one may hope to find, we give the following examples. 


Example 6.3. Fix a constant M, and suppose that M \ n. Consider the 
permutation 

a = (l i + 1)^ + 1,2.^ + 2....,(M- 1)^+2, 3,...), 


that is di = \jf\ 1 mod M). Then |5(a)| = o(n 2 ) (where the decay 

rate may depend on M). 


Note, however, that a similar looking permutation of Proposition II.II has 
0 (n 2 ) sums. 


Example 6.4. Take any permutation a with |5(a)| = o(n 2 ), and let m = 
o(n). Consider a permutation 6 obtained from a by choosing m pairs of 
consecutive indices i,i + 1 and swapping a* with a l+ \. More precisely, pick 
a set I with \I\ = m and such that i € / implies i + 1 ^ I, and define: 


^2+1 

if i E I, 

CLi—l 

if i + 1 G /, 

Cli 

otherwise. 


Then 15(6)1 = o(n 2 ). 


In view of the above examples, one cannot hope to ensure that a* looks 
structured on any large structured piece of [n], nor that it looks structured 
on an long interval. We can, however, hope that the following should have 
a positive answer. 


Question 4. Does there exists e > 0 such that the following is true? 

Let a be a permutation of [n] with |5(a)| < en 2 . Then there exists an 
index set I C [n] with |/| = w(l) as n — >• oo and constants 6 , c such that for 
i € I we have di = bi + c. 


One may also ask a similar questions in a more general context. Let a 
be a permutation of a set A C N of size |H| = n, not necessarily equal to 
[n]. Let 5(a) be defined just as before, to be the set {Yl^u a i ■ v € [n]}. 
How small can |5(a)| be? 

It is perhaps more natural to phrase this question in different terms. For 
a set B = {bi : i G [m]} with b\ < 62 < • • • < b m , define (following 
the terminology of HH and 0 ) the set of gaps D(B) = { 6 j + i — bi : i € 
[m — 1]}. Note that setting B = {X)i=i a i '■ v S [n]} U {0} we recover 
5(a) = (B — B) C N and D{B) = {a, : i € [n]} = A. 
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Question 5. Suppose that B CN with \B\ = n is such that \D(B)\ = n— 1. 
For which 6 > 0 does there exist eg > 0 (independent of B) such that 
\B-B\> c 5 n 2 ~ 5 7 

This question is already alluded to in HH, and resolved positively in the 
case 5 = \. For 5 G (0, tj) to the best of our knowledge, the answer is not 
known. 
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